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Abstract 

In the context of low-energy effective theory of multiple M2-branes, we construct the in- 
teraction terms between the world-volume fields of M 2-branes and the antisymmetric tensor 
fields of three- and six-forms. By utilizing the compactification procedure, we show coinci- 
dence between the dimensionally reduced coupling and the R-R coupling to D-branes in type 
II string theory. We also discuss that a cubic term proportional to six-form field reproduces 
the quartic mass-deformation term in the world- volume theory of multiple M2-branes. 
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1 Introduction 



To the leading order, the low-energy dynamics of a stack of N parallel D-branes is described by 
the super Yang-Mills action with U(iV) gauge symmetry and the couplings to the bulk fields. In 
string theory, D-branes carry R-R charges and couple to R-R fields. The form of interaction is 
given by Wess-Zumino(WZ)-type action [H [21 [3]. Unlike the case of a single Dp-brane where it 
couples only to R-R fields of rank p + 1 or less, a stack of N parallel D-branes couples to all 
even-form R-R fields in type IIB string theory and to all odd-form R-R fields in type IIA string 
theory. 

Analogous to the D-branes of string theory, in M-theory, we have the M2- and M5-branes 
and the corresponding three- and six-form fields. About their dynamics, the construction of the 
world-volume action of multiple M-branes as well as their coupling to the form fields is more 
difficult than that of multiple D-branes. Recently the world-volume description of low-energy 
dynamics of multiple M2-branes is available, which is Bagger-Lambert-Gustavsson (BLG) theory 
with M = 8 supersymmetry and SU(2) xSU(2) gauge symmetry [H [5] and Aharony-Bergman- 
Jafferis-Maldacena (ABJM) theory with M = 6 manifest supersymmetry and U(iV) xU(iv) (or 
SU(iV) xSU(iv) gauge symmetry) [BJ. Once the action of world- volume fields is obtained, repro- 
duction of its string theory limit is an attractive research direction. The reduction to type IIA 
string theory of the BLG theory upon circle compactification in the direction transverse to the 
M2-brane has been achieved in Ref . [7J [8] . 

Despite an overwhelming progress in the understanding of the world- volume action of multiple 
M2-branes, a little have been done to couple them to the bulk form fields 0, HHJ- Therefore, it 
is intriguing to construct the mutual interaction between the three- or six-form fields and the 
world-volume fields in the context of BLG and ABJM theories. It is the main objective of this 
paper to make a proposal for the action which describes the interaction between the M2-branes 
and the form fields of arbitrary transverse field dependence in the context of BLG theory and to 
verify the proposal by reducing it to a similar interaction term in type IIA string theory through 
circle compactification. 

To see the importance of these interaction terms, we make a quick comparison between M2- 
brane dynamics and the corresponding D2-brane in string theory. In analogy with D2-brane 
dynamics, in the presence of nonvanishing three-form and dual six-form fields, the low energy 
dynamics of multiple parallel M2-branes is expected to be described by both their world-volume 
action, the BLG action Sblg i n our case, and the coupling between M2-branes and form fields Sc, 

Sn = Sblg + Sc- (1-1) 
On the other hand, in the type IIA superstring theory the D2-brane action possesses the Dirac- 
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Born-Infeld (DBI) type (or Yang-Mills type in low energy limit) world- volume action of N parallel 
D2-branes Sdbi and the R-R coupling! 



S, 



Oi 



Sio — Sdbi + Sg. 



;i.2) 



In nontrivial background, the DBI action is given in terms of the gauge-invariant field strength 
F^u + B^ v , where is the field strength of the U(iV) gauge field and B^ u is the NS-NS two-form 
field. In the absence of Sc, it have been verified that, upon circle compactification, the action 
<Sblg reduces to Yang-Mills matter action composed of only F^. In this paper we show that, after 
the compactification, the presence of Sc not only produces S c it also gives the missing B^ u piece 
of the DBI action in the NS-NS background. 

Some particular configuration of form fields coupled to D-branes or M-branes can be regarded as 
the mass deformation of world- volume theories [HI [12]. The (SUSY-preserving) mass deformation 
of BLG theory is explicitly constructed in [131 EH], which contains the quartic coupling among 
scalar fields as well as the quadratic mass terms. We show that the WZ-type coupling with 
particular configuration of form fields reproduces this quartic coupling. 

The remaining part of this paper is organized as follows. In section 2 we put forward our 
proposal for the three- and six-form couplings to multiple M2-branes in BLG theory. Our proposal 
is made in parallel with the known multiple D2-brane coupling to R-R forms. In section 3 we 
show that the circle compactification of the action reproduces the corresponding action in ten- 
dimensional IIA string theory. In section 4 we single out a particular term in the six-form coupling 
and show that, with a proper choice of the constant background form field, it gives rise to the 
quartic mass deformation of the BLG theory. Section 5 is devoted to conclusions and discussions. 



2 Coupling between M2-branes and Form Fields in BLG 
Theory 

In string theory the coupling of any Dp-brane to R-R form fields C( n ) is given by the WZ-type 
action as [H [21 [3] 



S c = » P [ STr (P J2 C in) e § ] e^) , (2.1 



'p+i 

where \i v is R-R charge of the Dp-brane, A = 2ttI^ is the string scale, X is the transverse scalar 
field, B is the NS-NS two-form field, and F = dA is field strength of the gauge field A. The trace 



1 We put tildes for the fields and the parameters in string theory. 
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is taken over the gauge indices, P[...] denotes pullback, the summation is taken over all the R-R 
forms, and i$ represents an interior product by $\ explicitly written 

= l ~ni ^n--n-idx h A ... A dx^-K (2.2) 
[n l). 

For later convenience we expand the exponential e x 1 * and write explicitly the first few terms in 
the case of p = 2, 

S c = /i 2 J^dx" A dx v A dx p STrj^p + ZXC^bpXi + 3A 2 (7 M yA^A^ 



+ ^ CijkDpXiDyXjDpXk — 3iX CpijXiXjF up — 3iX C^XiXjU il X\ z F vp 
— i\Cp U pijXiXj — 3i\ 2 Cp V ijkX i XjDpXj < . — 3iX 3 CpijkiX i XjD u XkD p Xi 



3 
2 
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iX 4 C i jkimX i XjDp j X k D u XiDpX m — -X 3 CpijkiXiXjX k XiF up 



— -X^CijkimXiXjXkXiD^XmFyp + • • • |, (2.3) 

where Xi (i = 1, 2, 7) are seven transverse adjoint scalar fields with DpXi = dpXi + zL4 M , Xj\. 
Here we omitted the C*Ai?-terms for simplicity. In M-theory we naturally expect a similar coupling 
between the M-branes (M2- and M5-branes) and the antisymmetric form fields (the three-form 
field C( 3 ) and the dual six-form field C( 6 )) [T5] . Since B is already a part of C( 3 ), C 8 jj ~ 5^ for the 
compactified eighth direction, the expected action involves the interaction between the form fields 
and the world-volume fields. In the following, we will consider the BLG theory and construct 
an analogue of the coupling between the world-volume fields and the form fields. Instead of the 
original formulation based on three-algebra, we employ a familiar gauge theory formulation [T6|[TT]. 

We begin with the BLG theory with eight transverse bi-fundamental scalar fields Xj (I = 
1,2, ...,8) and two gauge fields A and A of SU(2)xSU(2) gauge symmetry. The bosonic part of 
the action is 

Sbos = S X + S C s + S c . (2.4) 
The first two are well established and are given by 

Sx = J d 3 x Tr [ - (DpX^D^Xj - ^X IJK Xj JK } , (2.5) 

k r / 2? 2? - - - \ 

ScS = 4^l d3xeflUPTl { A ^ A p + j a » a » a p - A ^ A p - jA^Ap), (2.6) 
where k is the Chern-Simons level and we have used the notation 

DpXr = dpXj + iAp - iXjAp, X IJK = X {I X\X K] . (2.7) 
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Due to T-duality between type IIA and IIB string theories, one can restrict possible interaction 
terms between D-branes and R-R form fields. The exponential factor of the gauge field F in the R- 
R coupling (12.11) is introduced along the line of open string tadpole computation and is compatible 
with the T-duality [H [2], [THJ [3] . In addition gauge invariance on the D-brane requires B + \F 
combination and it justifies the exponential factor of the NS-NS two-form field in (12.11) . Unlike 
the superstring theories, however, there seems no concrete guideline for the interactions between 
M-branes and form fields in M-theory yet. The candidate for the WZ-type coupling between 
M2-branes and form fields, which is linear in the form fields, is 



Sc 



2+1 
1 



Tr UP[C (3) ]+/4P[<ixixix)C| 



d 3 ^ P T J/^ 
3! \ 2 



(<;>. 



{ptivp + C pup ) + 3XC fl „i(D p X i y 

h 2 (d pIJ {D y X^D p Xj + C^jDMDpXj)^) 
^CuKiD.X^DvXjiDJCKy 



{2.1 



+ C.C. 



/// 2 



C flU pijKX IJK + -XC fliyI j KL ((X IJK D p X L }} 
+ \\C pyIJKL {{X IJK {D p X L )^)) 
+ 3\ 2 C fJi uKLM (LX ijk D u Xl (D p Xm ) * )) 
+ ^ Z Cijklmn{{X\ jk D p Xi j {D u Xm)^F) p Xn)) 



1 



+ c.c. 



(2.9) 



where [i2 is M2-brane tension, A = with Planck length Zp, and fi' 2 = (3X^2- Dimensionless 

parameter (3 will be fixed by requiring that when reduced to ten dimensions this action reproduces 
the correct D2-brane coupling to R-R and NS-NS form fields in type IIA superstring theory, 
(ixixix) denotes interior products by X IJK and its Hermitian conjugate X\ JK in gauge invariant 
manner. We introduce the notation ((...)) to symmetrize objects inside the trace, for instance, 



{{X\ JK D v X L {D p X)\ 



Ml 



X\ JK D v X L {D p X M ) ] + (D u X L yx IJK (D p X M y + (D u X L ^D p X M Xj 



UK 



We also note that the different powers of the Planck length Zp in front of some of the terms in the 
action are chosen based on dimension counting and the (27r) ri factors are inserted to mimic the 
similar factors in ten dimensions. 
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Now we recall that the scalar fields Xj transform in the bi-fundamental representation of 
the gauge group SU(2) xSU(2), while X\ transform in the anti-bi-fundamental representation. 
In order to have gauge invariance, we realize that the C^pijK and all the other antisymmetric 
tensor fields with odd number of transverse indices should be in the bi-fundamental representation. 
For the same reason C pvp and all the other antisymmetric tensor fields C with even number of 
the transverse indices should be in the adjoint of the left SU(2), while C pvp and all the other 
antisymmetric tensor fields C with even number of the transverse indices should be in the adjoint 
of the right SU(2). With these transformation rules all the terms in ( 12.91) are gauge invariant. 

In Ref. [9], the authors proposed the WZ-type couplings in M-theory in terms of 3-algebras 
with Euclidean and Lorentzian metrics. Some of terms of their proposal for the WZ-type action 
resemble those in our action (I2.3p . however, in Ref. [9] the authors assumed that the three- and 
six-form fields do not depend on the transverse scalar fields and so transform trivially under the 
gauge transformation. To get a gauge invariant action they introduced symmetrized constant 
tensors originated from symmetrized trace of generators with 3-algebra indices. For a specific rep- 
resentation of the 3-algebra, the symmetrized tensors satisfying the gauge invariance of the action 
were obtained as functions of structure constant of the 3-algebra. After that, ten-dimensional 
WZ-type action was obtained by using the Higgs mechanism proposed in Ref. [7]. Since the re- 
sulting action is composed of constant form fields and symmetric tensors depending on specific 
representation of 3-algebra, it is not clear to relate the results to the known WZ-type action (12.11) 
expressed by U(2)-adjoints. 



3 Reduction from M-theory to IIA String Theory 

In the previous section we constructed the analogue of WZ-type coupling (12.91) between M2-branes 
and form fields. In this section we shall test and justify the obtained candidate by comparing it 
with the R-R coupling in string theory (12.31) by reducing it to the ten-dimensional type IIA 
superstring theory. Specifically we expand the action (12.11) and compare the obtained result (12.31) 
with the dimensionally reduced WZ-type action of M-theory (12.91) . 

According to the compactification procedure of Ref. [7J, we can split the transverse scalars into 
trace and traceless parts, 

Xi = Xi + ixi, (i = 1,2, ...,7), 

X 8 = ^l + x 8 + zx 8 , (3.1) 
where Xi — %\\, Xj = xf^- (a = 1, 2, 3), and v is a very large vacuum expectation value of TrX 8 . 
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We also introduce 

Aj = i(^±i M ), (3.2) 

and then A~ becomes an auxiliary gauge field which we can integrate out using its equation of 
motion. We can rewrite the covariant derivatives as 

D lt X I = D lt X I + i{A-,X I } with D ll X I = d li X I + i[Aj;,X I ]. (3.3) 

In order to consider the type IIA limit for the coupling proposed in (12.9}) . we have to obtain the 
form of covariant derivatives for the transverse scalars Xj in the limit. Taking into account the 
contributions from Chern-Simons term (12. 6p . the kinetic term for the transverse scalar fields and 
the WZ-type terms, we will solve the equation of motion for A~ in the limit of a large vacuum 
expectation value v and large Chern-Simons level k, with a fixed v/k. It turns out that the leading 
term in the solution to A~ is linear in 1/v and we can neglect every term containing A~ unless it 
is multiplied by v or k. Keeping this in mind we rewrite the covariant derivatives for X% and the 
other transverse scalars Xi as follows 

D^X$ = d^xs + iv(A~ + -D^s), 

D,Xi = D^Xi. (3.4) 

Here we notice that the appearance of A~ in the WZ-type action is only through D^X 8 , which 
means it always appears in the combination (A~ + ^.D^Xg). A~ in the Sx + Scs a ls° appears only 
in this combination as verified by Ref. [7]. Therefore, applying the Higgs mechanism, we make a 
shift of the gauge field A~ — > A~ — ^D+xg to eliminate the traceless part of the eighth scalar field 
x 8 in the resulting Lagrangian. With this shift the covariant derivative of X 8 becomes 

DpXs = dftXs + ivA~. (3.5) 

We also adopt the Higgs rule in Ref. [8] for the covariant derivatives of the scalars Xi and rewrite 
them as 

D^Xi -> iDpXi, (DrXrf -W„X h (3.6) 

where Xi U(2) adjoint scalars. 

Now the action for the scalar fields (12. 5p will take the following simple form 

S x = f cftr Tr( - D^X^X - d^x 8 d»x 8 - v 2 A~A~» - V bos ) +0(^), (3.7) 
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where Vb os is the potential term. This term will not be affected by the WZ-type action. Therefore, 
we will not write it explicitly except in the final result. The Chern- Simons action (12.61) also reduces 
to 

k 



cs 



2tt 



J d 3 xe^Tr(A;F u ^+0(^ with = dpA+ - d u A+ + i[A+, Af 



(3. 



For our immediate purpose of solving the A~ equation of motion, we write only the part of the 
WZ-type action that involves A~ explicitly, leaving the remaining part implicit until the end of 
this section 



c 



^{C^up + Cpvp) - 3i\C '^D p Xi + 3\Cp u8 (d p x 8 - ivA~ 



+ l x2 {C^j + C^DpXiDvXj - ^i\ 2 Cp i8 (p v X i {dpX 8 + ivA~) - (d p x 8 - ivA-)D v Xi 



iX'CpisiD.XiidpXs - ivA~) - (dpx 8 + ivA^)D u X t ) - %\ 6 C ij}t DpX i D v X i DpX h 



+ X 3 C ij8 ( DpXiDvXj (d p x 8 - ivA~) - DpX % (d p x 8 + ivA^D^ 



(d p x 8 - ivA-^bpX&vX, 



c.c. 



+ 



2 L 



Cp U pijsXjj 8 + 



iX(Cp U ijSk{(Xjj 8 bpXk)) — Cp U ijgk((Xijsb p Xk)) 



+ S^CpijgkidXjjgbvXkDpXi 



+ -i\ 3 Cij 8 kim((Xjj 8 D pXkb u Xib P X V 



+ -iX 3 Cijskim((XijsDpX k D u XiDpX m )) + ■ 



+ c.c. 



0(1). 



(3.9) 



For the terms proportional to fjb' 2 in (I3.9P , we kept the leading terms proportional to v but neglected 
all the higher order terms, 0(k/v, k/v 2 , ...). The reason is that, as we pointed out before, /i' 2 ~ (3 
and we will show shortly that the numerical factor /3 is of the order of 1/k which is of order of 
1/v. 

The variation of the action with respect to A~ gives 



=Tr 



A 



i \ 2 

(ic ui8 + c ui s)bpXi + bpXi(c ui8 + c ui8 )^ — — y(Cij 8 — cjj 8 )D v XibpXj 



+ D u Xi(Cij 8 — Cjj 8 )D p Xj + D u XiD p Xj(Cij 8 — C i: 



5A: 



(3.10) 



After integrating out A„, we recall that the two SU(2) groups will be identified and as a result 
C and C become the same. In addition, if we identify the NS-NS two-form field in type II string 
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theory as 



B 



PR 



Cprs + Cp R8 — i(CpRs — Cms) 



(3.H) 



then the quantity inside square bracket in f)3.10p gives the traceless part of pullback of B 

3 



pUj 



P[By.v\ = Bfj, u + XB pi D L ,X i + XDyXiB^i + — ( BijD v XiD p Xj + D u XiBijD p Xj + D u X i D p XjB lJ 



(3.12) 



On the other hand, since 5 A is traceless, the product of the trace part of P[B pu ] and 8 A is also 
traceless. Therefore, the A~ equation of motion is simplified as 



= Tr 



2v 2 A~ + ^ vp {F vp + tov\^P[B vp } 



5A: 



(3.13) 



Noting that the Yang-Mills coupling constant #ym i n the effective action of two D2-branes, the 
dimensionless string coupling constant g s , and the string scale A are given by 

2lTV 



<?YM 



k 



9s = g YM ^, A = 2nl s 



with fi 2 X = . 2/3 2nlp 2 and lp = gs /3 / s , A in (13. 13[) is 



1/3, 



(3.14) 



A: 



1 



2g Y MXv 



up I 1 



where B pv is the traceless part of B pv . 

The gauge singlet scalar x$ is dualized to a U(l) gauge field by replacing 



dpX 8 



1 



2g 



YM 



^pvp L 1 



(3.15) 



(3.16) 



where F u \ is a U(l) gauge field strength. The action for the scalar fields Sx f !2.5j) is now given by 



,5' 



x 



dTxTi 



-D^XiD^Xi 



2g 



YM 



2g 



TP[Bp 



YM ^ 



bos 



(3.17) 



while the Chern- Simons action (12. 6p is given by 

1 



cs 



cfxTr 



1 



i/YM ^ 



o(i). 



(3.18) 



By introducing the U(2) adjoint antisymmetric three-form fields 



C 



PRS 



2 L 



Cprs + C PRS - i{C PRS - C PRS ] 



(3.19) 



we have the C( 3 ) part of the WZ-type action Sc, 



7 (3) 
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C pup + 3AC ' Mi /j-D p Xi + 3\ 2 CpijDpXiD u Xj + X^CijkD p XiD v XjD p X^ 



(3.20) 



where P[S M ^] is the trace part P[B pu \. Substituting (l3.15p -( |3~T6l) into (13.201) for A p and d p x$ and 
taking into account the constants given in (I3.14p . we obtain 



7 (3) 
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C*^p + "iXC p Xi + 3X 2 C fl ijD p X i D u Xj + X 3 CijkD p X i D u XjD p Xi ; 
- J-^fxP[B^}(F^ + Ip[B»"]) + XP[B p „}F^)X + 0{-). (3.21) 

In order to match the mass dimension of the ten-dimensional transverse scalar fields, we rescale 
the scalar fields as Xj — > Applying this rescaling to (13.171) . (13.181) . (I3.2ip and summing them, 
we get 



d x Tr 



9ym 



D p X t D»X t - l -(F pu F^ + If pu P[B^} 



- iFr + jPpr] ){F^+ T P[B 



X 



^2 ^ V p 



Cpyp + 3XC pi/ iD p Xi + 3A CpijD^XiDyXj + A C^D p XiD u XjD ' p X^ >, (3.22) 



where we used the explicit form of the scalar potential Vb os in Ref. [7]. 

Next we turn to the part of Sc- After the aforementioned rescaling Xj — > the Higgs 
rule for Xyg [8] becomes 



9ym 



X 



■ [Xi , X 



4 2 "tja 4 

"ym "ym 



[Xj,X,-]. 



(3.23) 



We also introduce the U(2) adjoint antisymmetric six-form fields as 



C 



PQRSTV 



CpQRSTV + C PQRSTV - i{CpQ RS TV - C PQRSTV ) 



(3.24) 
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and identify the antisymmetric five-form fields in type 11A string theory as 

CpQRST = CpqrsT8- 

The first term in the Ciq\ Lagrangian in (13.91) is given by 



(3.25) 



y Tr (c^ pIJK X\ JK + C^ vpIJK X IJK 



.3^/4 



Trj - 1(0^^ - (^ V pja)[Xi, Xj]\ 



o(i). 

V 



(3.26) 



Since [Xi, Xj] is traceless, the product (C^ upi j 8 + ^ .^[Xi, Xj] is traceless. Therefore, we can 
freely include this term in the last equation (I3.26P to get 



I_l2 

2 



Tr {c^ upI j K X\j K + C^ vpI j K X UI ^j 



3vfi' 2 



- "g g 2 ^(^8^1^]) — —i^^^{pfivpij[XuXj]j. (3.27) 

In the second equality we have used fjf 2 = /3\fi2 and have chosen (3 — || in order to match 
the coefficient with the coefficient of the corresponding term in type IIA string theory in ( 12. 3ft . 
Following the same procedure, we can calculate the remaining terms in the Crg) Lagrangian in 



^' 2 \T:t(c^ LI jk((X\ jk D p X l ))) +c.c. = -|/i 2 A 2 Tr| 



-/4 A 2 Tr (c^lmi jk ((X\ JK D u Xl ( D p Xu ) t ) 



c.c. 



3/ 



A*2 A Tr I C^f/fcj (( , Xj] D v XkD p Xi 



^^A 3 Tr(c iM iv/^((X] Ji , J D M X L ( J D,X M )t J D p X 7 v)) N ) + c.c. 



— -^2A 4 Tr ( Cijkim(( [X, h Xj]D p X k D u XiD p X ri 



(3.28) 



(3.29) 



(3.30) 



Summing §M) and ([3T2Tj) - (13301) . we finally reach 
I 



tot 



(fx Tr 



3! 
3! 



i(F M , + ip[^])(F^ + ip[^; 



A 

S^C^iD p Xi + 3\ 2 C^ijD^XiD v Xj + X^CijkD ^XiDyXjD p Xi< 
^C^pijslXi, Xj] — ^A^C^jfc((LYj, XjjDpXfc) 



1 _ 



3^ ~~ ~ ~ ~ ~ ~ ~ 2~~ ~~~~~~~~ 

A C/iyfcz(\[Xi, XjjDyXfcDpXi)) — -A Cijkim(([Xi, Xj]D p XkD u XiD p X„ 



(3.31) 
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The second and third terms in (13.311) are unified to form the kinetic term of U(2) gauge field, as 
the gauge invariant combination on the world-volume of D-brane, 



2fi , YM 



-Tr 



(3.32) 



up to the quadratic term in P[B pv ] which belongs to nonlinear terms in C^ 3 \ Here we notice that 
in addition to the natural couplings of the D2-brane to the three-form field and the dual five- 
form field in type IIA superstring theory, the WZ-type action also produces the coupling between 
F pv and B pv in the linearized nonabelian DBI action for D2-brane. Unfortunately, however, the 
dimensional reduction of the WZ-type action (12.81) does not produce C^ A F and C^ A F-terms 
which appear in ten dimensional WZ-type action (12.31) . We need more investigations in this 
direction. 

Our derivation of the result in (I3.3ip is based on the elegant Higgs rule of [5]. Here we would 
like to comment on a mild problem in applying these rules. We know that the transverse scalars 
Xi are bi-fundamentals of SU(2)x SU(2). Therefore, to obtain the U(2) adjoint scalar, the trace 
and the traceless part of these scalars should be combined as Xi = X{ + Xj. A similar rewriting 
should also be made for the form fields. When we are dealing with the BLG theory without WZ- 
type coupling, the Higgs rule of [8] are exactly the net effect of this splitting and recombination 
of the trace and traceless part of the fields. However, in the presence of the WZ-type coupling 
containing more than two covariant derivatives, the splitting and recombination of the trace and 
traceless parts reexpress most of the terms of Sc in terms of the U(2) adjoint fields except a few 
terms which lead to some mismatch. To demonstrate this observation we consider the CV^-term, 

1 



_ e ^P Tr 
2 



C ijk (D li X i yD v X j (D p X k y + Ct^XiiDvXtfDpXk 
e^Tr {CiikDfJti^XjbpXk - 2C l]k D fl x i D u x j D p x k - 2C ijk b ti x i b u x j D p x k ) , (3.33) 



where the covariant derivative is given in (13. 3ft . We have also made the following splitting and 
recombination of the trace and traceless part of the three-form field 

1 <T a | 1 <T a ~ 1 <T a 

Cij k = -j^ijkl + ic" jk —, C ijk = -Cyfel — iCi jk —, C ijk = 2% fc l + c ijk~^- (3.34) 

Note that the the last two terms in (I3.33j) cannot entirely be expressed in terms of the U(2) adjoint 
fields. This mismatch is generated from the cross terms between the trace and traceless sectors. It 
is quite straightforward to show that, in the U(l)xU(l) ABJM theory, there is no such mismatch. 
We will leave verification of the absence of such mismatch in ABJM theory with arbitrary gauge 
group for the future work [T9j . 
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4 Quartic Mass-Deformation Term from a C(a\ Term 

Let us recall the bosonic part of supersymmetry-preserving mass-deformation terms in the BLG 
theory [131 EH] i n order to compare these with the WZ-type action in (12.91) . 

Airm 



S m = d 3 x m 2 Tr [X I Xj + X\X T 



k 



d 6 xTr 



x 3 (x 4 )tx 5 (x 6 )t - x 5 (x 4 )tx 3 (x 6 )t 

X 9 (X 8 yX 7 (X w )% (4.1) 



x 7 (x 8 yx 9 (x l0 y 



where m is the mass parameter. According to [12] , this mass term comes from the background four- 
form flux which is (anti-)self-dual in eight-dimensional transverse space. We examine specifically 
how (14. ip can appear from WZ-type coupling (12. 8p . Due to the (anti-)self-dual property of the 
flux, we should consider the contribution from both four- form Fu\ and dual seven- form Fr 7 y Let 
us first take into account the contribution from Frj) by turning on only specific components of 
F( 7 ) as 

(5m 



pvpIJKL 



A/i 



- e iivpTlJKL, 



where T IJKL is (anti-) self-dual in eight-dimensional transverse space 

rpIJKL I JJKLV 'J'K'V ' rp 

1 — ± ^j' e 1 I'J'K'L'- 

The corresponding WZ-type action of our consideration (12. 9p is 



S, 



(6) 
C 



dx^ A dx v A dx p ^Tr 
2 



C^pUKiX^XjiX^ + (c.c.) 



+ 



(4.2) 



(4.3) 



(4.4) 



When the six- form C pvp uk is the potential of constant seven- form field strength F^ upIJKL , we 
obtain it explicitly, 

(5m 



a 



fiupIJK 



XF 



pv P ijklXl 



/'2 



^fiupTuKL^L- 



(4.5) 



Substituting the six- form field configuration (14.51) with (14.31) into the WZ-type action (14.41) . we 
have 



(6) 

c 



Aum 

~w 

Anm 
k~ 



dx p A dx v A dxPe^p-Tr 



T IJKL x L (Xjyxj(x K y + (c.c.; 



d x Tr 



T IJKL X L (XrfXj(X K y + (ex.) 



+ 



(4.6) 



which exactly coincides with the quartic mass-deformation term in (14.11) as far as the four-form 
tensor T IJKL satisfies 



1231 



Tr 



5678 



other independent components = 0. 



(4.7) 
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This configuration keeps the maximal supersymmetry M = 8, and turning on other components of 
Tijkl in addition to ( 14 .71) leads to less supersymmetry. The relation between nonzero components 
of Tijkl and the number of supersymmetry has been studied in the context of field theory [HJ 
M, 02Q and in the dual AdS side [12]. 

The contribution from the four-form tensor is also calculated in a similar way. From ( 14.2ft the 
configuration of F( 4 ) is 

f3m m 



IJKL 



2 A> 2 

Then the corresponding WZ-type action is 

m 



Tijkl — — Tijkl- (4.J 



) ~ A*2 y dx" A dx 1 ' A dx" Tr 



T /J KLA 4 X L ( J D At X / )t J D,X J ( J D p X K )t + (c.cO 



+ 



LAW 

= A 2 m y dx M A c/x^ A dx p Tr T ukl Kl{D D u Xj{D p X K ) ] + (c.c.) + • • • . (4.9) 

Since A 2 ~ /p, this term does not contribute under the limit lp — > 0. 

We confirm the identification of a cubic WZ-type term (14.41) with a specific form of constant 
(anti-)self-dual four-form flux (14.21) in Minkowski spacetime signature. If we take a Euclideaniza- 
tion to the flux (14.21) . then an overall imaginary number % appears in the left-hand side. It implies 
that fi in (14. 2p may not be a mass parameter but a chemical potential. 

For the quadratic mass term which can be interpreted as the quadratic coupling of form fields 
between M2's, we do not have natural argument to fix it. In the case of string theory, this coupling 
is obtained from the world-sheet disk amplitude with insertion of the two R-R vertex operators. 
Though we basically have ambiguity for the position of two insertions, we can avoid this ambiguity 
by introducing appropriate auxiliary fields [221 E3] and compute the coupling at least for some 
particular cases [24"t 123]. 



5 Conclusion and Discussion 

Once the world- volume action of N stacked M2-branes is determined, it is interesting to understand 
how the M2-branes couple to the bulk fields. In this paper, we constructed the WZ-type action 
which describes the coupling of the M2-branes to antisymmetric three- and six-form fields in M- 
theory. We consider the BLG theory for two M2-branes and write down a WZ-type action linear 
to antisymmetric three- and six-form fields in analogy with the corresponding action in type IIA 
string theory. When it reduces to ten dimensions through a circle compactification, our action 
reproduces the expected ten-dimensional coupling of R-R and NS-NS form fields to D2-branes in 
type IIB string theory. 
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In addition to our main goal of obtaining the WZ-type coupling of M2-branes, we show that 
a particular cubic WZ-type term can be identified with the quartic scalar interaction in the 
supersymmetry-preserving mass deformation of the BLG theory. We made this identification 
in a flat world-volume and transverse space by making an assumption that the seven-form field 
strength is constant and is proportional to the mass parameter of mass deformation term. 

A few discussions are in order. Though the ten-dimensional WZ-type action (12. 1 p is restricted 
to the terms linear in C7 n ), it contains C( n )Ae B where B is NS-NS two- form field. Since the NS-NS 
two-form field in string theory comes from a part of (7(3) in M-theory, inclusion of quadratic or 
higher order terms in in addition to the WZ-type action (12.91) seems natural. For instance 
the quadratic term in is 



where /4' = /3'\fi2- Like (3, the value of (3' is also determined by comparing this term with 
an appropriate term in the corresponding action of type IIA superstring theory, after a circle 
compactification. Specifically, when (3 1 = (3 = 4w/3k, this term exactly coincides with the (7(3) A B 
term in (12. ip . 

In this paper we constructed the bosonic sector of WZ-type action coupled to the world- 
volume fields of M2-branes. If we supersymmetrize what we obtained, then we may reach the 
super symmetric WZ-type action in M-theory. Though we fixed the coefficient of the WZ-type 
action (12. 9p by comparing with the terms of the ten-dimensional R-R coupling action (I2.ip through 
the compactification of the eighth transverse direction, this indirect fixation procedure can be 
reconfirmed by constructing the supersymmetric WZ-type action coupled to M2-branes. Then, 
this understanding will also help the extension to general case of arbitrary number of stacked 
multiple M2-branes of which the world- volume theory is described by the M = 6 superconformal 
Chern-Simons gauge theory with XJ(N)xU(N) gauge symmetry. We will report the construction 
of WZ-type coupling in the context of ABJM theory for arbitrary number of M2-branes in the 
subsequent work [T9] , 




+ 3\C [ , uL ((Cj JK] X IJK (D p X L y)) 

+ ^X 2 C [ , LM ((Cl JK] X IJK (D l/ X L yD p X M )) 

+ ^^C^lm^Cij^xIjj^DuXl^DpXm)^)) 

+ \ i C [LMN {{C\ JK] X IJK {D ll X L yD v X M {D p X N y)) + (c.c.) , (5.1) 
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In the BLG and ABJM theories, M2-branes and M2-branes are not distinguished as the case 
of DBI type world-volume action of D-branes. The D- and D-branes carry opposite sign R-R 
charges and are distinguished by the R-R coupling ( 12.1 ft in type II string theories [3]. Similarly 
the M2- and M2-branes are also distinguishable by the analogue of WZ-type in the M-theory (12. 9p . 
This will also let the construction of world-volume action of M2M2 pair without supersymmetry 
tractable. 
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